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Electron trajectories caustics: 
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These	
  current	
  horns	
  are	
  a	
  manifesta0on	
  
of	
  the	
  caus0c	
  nature	
  of	
  the	
  electron	
  
trajectories,	
  as	
  singulari0es	
  of	
  families	
  of	
  
trajectories	
  are	
  encountered.	
  	
  



Caustics	
  /	
  Catastrophe	
  theory	
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Image: EC Zeeman (1976) Catastrophe Theory in Scientific American. 
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Current	
  horns	
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•  Current  horns  are  resultant  from  caus)cs




Caustic	
  expression	
  

•  Expression  for  caus)cs:
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z̃(zi) = zi +
�(zi)(�1 + T566(�2 + �(zi))�0(zi) + U5666(�3 + �(zi)2)�0(zi))

�0(zi)

R̃56(zi) =
�1� 2T566�0(zi)� 3U5666�0(zi)

�0(zi)

T.  K.  Charles  et  al.  (2016)  Phys.  Rev.  AB,  19,  104402
�(zi) = h1zi + h2z2i + h3z3i

Ini)al  longitudinal  phase  space  distribu)on:    
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Comparison	
  with	
  simulations	
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ELEGANT simulation results: 

for R56 = -10.78 mm 

Caus)c  expression  


Double–horned current structure produced at the end of a dispersive region

where R56 = -10.78 mm, T566 = 16.35 mm and U5666 = -11.38 mm.



Comparison	
  with	
  simulations	
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ELEGANT simulation results: 

Single–horn current profile produced with R56 = -10.82 mm,

T566 = -41.07 mm and U5666 = 0.40 m



Comparison	
  with	
  simulations	
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ELEGANT simulation results: 

Current profile produced with R56 = -11.76 mm, T566 = 16.10 mm

and U5666 = 2.60 m.



A	
  closer	
  look…	
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z̃(zi) = zi +
�(zi)(�1 + T566(�2 + �(zi))�0(zi) + U5666(�3 + �(zi)2)�0(zi))

�0(zi)

R̃56(zi) =
�1� 2T566�0(zi)� 3U5666�0(zi)

�0(zi)

Three types of catastrophes 
but all described by the same 
parametric expression.  



Can  we  avoid  caus)c  current  horns?
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Caustic	
  condition	
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Caus)cs  condi)on:


T. K. Charles et al. (2017) Phys. Rev. AB, 30, 030705 
 



Avoiding	
  caustics	
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Boundaries	
  between	
  caustic	
  regions	
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Considering a BC where the entrance bunch is 
characterized by h1, h2, and h3 (i.e. the first, second and 
third order chirp), for a given value of R56, the values of 
T566 and U5666  can be chose to ensure the working 
point is within the non-caustic region.  

Typical working 
point of a 4-dipole 
chicane 

Where we’d prefer 
to be (non-caustic 
region). 



Using	
  octupoles	
  to	
  alter	
  U5666	
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Boundaries	
  between	
  caustic	
  regions	
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Two	
  cases	
  were	
  investigated:	
  
1.  Predominately	
  S-­‐band	
  linac	
  
2.  Predominately	
  X-­‐band	
  linac	
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FEL,	
  S-­‐band	
  linac	
  simulations	
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R56 = -11.18 mm
T566 = 32.05 mm
U5666 = -72.00 mm
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R56 = -82.38 mm
T566 = 102.40 mm
U5666 = -5.23 m With  octupole:
Without  octupole:


S-band Linac 

The  caus)c  current-­‐horns  
have  been  prevented  
from  forming.


K3=-1007 m�3



Slice	
  properties	
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Avoiding	
  caustics,	
  X-­‐band	
  linac	
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Further	
  optimisation	
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FEL,	
  X-­‐band	
  linac	
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R56 = -11.18 mm
T566 = 32.05 mm
U5666 = -72.00 mm
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BC1:
R56 = -82.36 mm
T566 = 102.40 mm
U5666 = -5.23 m

Dipole bending angle, ✓ = 5.25�

Octupole strength, K3 = 2061 m�3

BC2:

R56 = -11.18 mm

T566 = 32.10 mm

U5666 = -72.19 mm

Dipole bending angle, ✓ = 1.35�

Sextupole 1 strength, K2 = 11.03 m

�2



FEL,	
  X-­‐band	
  linac	
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✏
nx

= 1.394 mm mrad ✏
nx

= 0.842 mm mrad T. K. Charles et al. (2017) Phys. Rev. AB, 30, 030705 
 

49%  reduc)on  in  the  
CSR-­‐induced  emicance  
growth.  


X-band Linac 



Microbunching    

–  also  a  caus)c  phenomenon?
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Microbunching	
  is	
  also	
  a	
  caustic	
  phenomenon	
  

•  A  caus)c  expression  can  also  be  derived  for  microbunching.  Each  line  shows  
where  a  current  spike  will  be  seen.
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Microbunching	
  is	
  also	
  a	
  caustic	
  phenomenon	
  



Microbunching	
  –	
  with	
  higher-­‐order	
  effects	
  

•  Including  and  varying  higher-­‐order  effects  we  can  see  how  the  caus)c  lines  change.
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T566  =  U5666  =  0  mm  (gray)

T566  =  -­‐30  mm,  U5666  =0  mm  (red)


T566  =  U5666  =  0  mm  (gray)

U5666  =  -­‐2  m,  T566  =  0  (red)




Conclusions	
  

• Caus)cs  can  form  in  electron  trajectories  which  are  always  associated  
with  current  spikes.  


• Current  horns  from  strong  bunch  compression  can  be  avoided  with  
higher-­‐order  magne)c  elements.
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